We construct the three-flavor Lorentz-invariant meson-baryon chiral Lagrangians at the order p 4 , with which a full one-loop investigation may be performed. One obtains 540 independent terms. The processes with the minimal number of mesons and photons that this order Lagrangians may contribute to are also presented.
I. INTRODUCTION
It is difficult for us to deal with strong interactions with the underlying QCD in the low energy region because of the nonperturbative effects. Thanks to the chiral symmetry of QCD and its spontaneous breaking, we may equivalently describe low-energy physics involving pseudoscalar pions with an effective theory at hadron level, chiral perturbation theory (ChPT) [1] [2] [3] [4] . The perturbative expansion is organized with the pion momentum (p) and the description avoids the complex interactions between quarks and gluons. In this effective field theory, the Lagrangian contains all chirally invariant terms. According to Weinberg's power counting rules, the needed number of terms is finite when one calculates the T -matrix of a process to the required order, because the theory is renormalised order by order. At present, the chiral Lagrangians (CLs) of pseudoscalar mesons have been constructed up to the order O(p 6 ) (two-loop level) for both normal and anomalous parts [2, 3, [5] [6] [7] [8] [9] [10] [11] [12] . They contain the whole 16 bilinear light-quark currents (scalar, pseudoscalar, vector, axial-vector, and tensor) of the special unitary group and the unitary group.
Matter fields (baryons, heavy mesons, etc.) can be introduced into the framework of chiral perturbation theory with the transformation of SU (2) V or SU (3) V . For the pion-nucleon interaction, the relevant CLs have been obtained up to the order O(p 4 ) (one-loop level) [13] [14] [15] [16] [17] . To study the pion-hyperon interaction in a model-independent approach, one needs the SU (3) meson-baryon CLs. At present, the terms at the order O(p 3 ) have been obtained [18, 19] . However, the full one-loop level investigation needs next-order terms.
The inclusion of nucleons in the chiral perturbation theory makes the chiral expansion of p/Λ χ problematic because both the baryon mass m N and the scale of chiral symmetry breaking Λ χ are around 1 GeV. This problem is cured in the heavy baryon chiral perturbation theory (HBChPT), where the large parameter m N is eliminated and an exact power counting rule exists. Although the expansion is convergent and the theory works well in the pion-nucleon system [15, [20] [21] [22] , the convergence in the kaon-hyperon systems is slow or violated [23] . In the three-flavor meson-baryon scattering processes at threshold, several Weinberg-Tomozawa terms vanish and the O(p 4 ) calculation may answer whether the heavy baryon formalism still works or not in these channels. To recover the relativistic formulation of the theory, the infrared regularization scheme [24, 25] and the extended on-mass-shell (EOMS) renormalization scheme [26] are proposed. The latter scheme seems to work well [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . Since the SU (3) baryon ChPT involves the larger kaon mass, further explorations with the O(p 4 ) Lagrangians are helpful to understand the convergence of the chiral expansion.
In baryon ChPT, not all interaction terms at the same order contribute to the T -matrix of a special process. There are studies involving high order interactions in the literature although the complete Lagrangian is not known. In Refs. [40] [41] [42] [43] , the nucleon masses were calculated up to the order O(p 6 ) (two-loop level). In Ref. [44] , the ground-state octet baryon masses and sigma terms were studied up to the order O(p 4 ) where seven O(p 4 ) terms are involved. The electromagnetic form factors of the ground state baryon octet were also studied up to the order O(p 4 ) with five terms at that order [45] . Needless to say, the complete O(p 4 ) chiral Lagrangians which are constructed systematically are helpful for further studies of meson-baryon processes.
An obvious obstacle in the application of ChPT is the determination of the parameters in the Lagrangian, the so-called low energy constants (LECs). In principle, once the parameters are determined up to some chiral orders, they are applicable to all processes to those orders. Because of the difficulty in low energy QCD, one usually extracts the LECs by fitting experimental data, a feasible method to determine them. It seems that we still need more mesonbaryon scattering data and high order Lagrangians are not useful. However, efforts have been tried to determine all the LECs from QCD in the meson sector [46] [47] [48] [49] and similar study in the baryon sector is on the way. Various models and symmetries are also used to constrain the values of LECs or relations between them [50] [51] [52] [53] . These studies make further investigations with the baryon ChPT possible although the number of LECs becomes large for high order Lagrangians. With the development of computing capacity, the lattice simulation or other numerical calculations will be helpful to fix the LECs. Now, the investigations with ChPT in the meson sector at two loops are relatively easy to perform once the LECs are known [54] . In the baryon sector, similar investigations are also possible. The starting point for such studies is, of course, the meson-baryon chiral Lagrangian.
In this paper, we would like to complete the Lagrangians of the SU (3) meson-baryon chiral perturbation theory to the one-loop O(p 4 ) order. Deeper understanding on the low-energy meson-baryon interactions needs these terms. This work is organized as follows: In Sec. II, we review the building blocks for the construction of the chiral Lagrangians. In Sec. III, a systematic method for the construction is introduced, which is based on the properties of the building blocks and the linear relations to the final results. In Sec. IV, we list our results and give a discussion. Section V is a short summary.
II. BUILDING BLOCKS OF CHIRAL LAGRANGIANS
The QCD Lagrangian L can be written as
where L 0 QCD is the original QCD lagrangian, q denotes the quark field, and s, p, v µ , and a µ denote scalar, pseudoscalar, vector, and axial-vector external sources, respectively. Conventionally, we ignore the tensor source and the θ term here.
If the light quarks are massless, the QCD Lagrangian L 0 QCD exhibits a global SU (3) L × SU (3) R chiral symmetry. In the description of the effective chiral Lagrangiang, the Goldstone bosons (pseudoscalar mesons) coming from the spontaneous chiral symmetry breaking are collected into an SU (3) matrix U . If the chiral rotation for the light quarks is g = (g L , g R ), the transformation for the meson field would be U → g L U g † R . It is convenient to introduce u 2 = U to simplify the construction of the chiral Lagrangians. The field u transforms as u → g L uh † = hug † R under the chiral rotation, where h in SU (3) V from the breaking of SU (3) L × SU (3) R is a function of the pion fields. The baryon octet is denoted by another matrix B,
Under the chiral rotation, this matrix transforms into B ′ = hBh † . To construct the Lagrangians, one collects the external sources and meson and baryon fields together and define appropriate combinations of them. The fields or combinations transforming like the baryon field are called building blocks. The building blocks we will use are
where
and B 0 is a constant related to the quark condensate. In this paper, we consider the case in which both v µ and a µ are traceless. The definition of the covariant derivative ∇ µ acting on any building block O is
With this definition, all building blocks O's, including their covariant derivative forms, transform into O ′ = hOh † under the chiral rotation. As in Ref. [6] , we also define χ µ ± to substitute the covariant derivative of χ ± ,
because sometimes it is more convenient. Here,
In addition, the following two relations of covariant derivatives are useful,
III. CONSTRUCTION OF CHIRAL LAGRANGIANS
With the above building blocks, one can construct the SU(3) meson-baryon chiral Lagrangians following the steps given in this section. The final Lagrangian contains minimal independent chirally invariant terms. This method is very similar to the construction of the meson chiral Lagrangians in Ref. [12] .
A. Power counting and transformation properties
The construction of chirally invariant monomials needs the power counting of the building blocks. We show their chiral dimensions in the second column of Table I and D µ . According to the forms of the bilinear couplings ofB and B in the low-energy approximation, one assigns the chiral dimensions of the elements of the Clifford algebra basis in the second column of Table II [17, 18, 55] . TABLE I. Chiral dimension (Dim), parity (P ), charge conjugation (C) and hermiticity of the building blocks.
TABLE II. Chiral dimension (Dim), parity (P ), charge conjugation (C) and hermiticity of the Clifford algebra elements.
Dim P C h.c.
The chiral Lagrangian is also invariant under the transformation of parity (P ), charge conjugation (C) and Hermitian conjugation (h.c.). The transformation properties of the building blocks are simple [6, 17, 18] and we collect them 1 The details of the covariant derivatives of χ, χ † and F µν L,R can be found in Ref. [5] .
in Table I , where the minus sign for D µ B is from the moving of the derivative (see Eq. (11)). However, the properties of the Clifford algebra are slightly complicated. We here adopt the method used in Ref. [17] to analyze the transformations. Generally speaking, the invariant monomials have the following forms,
where · · · is a trace over SU ( are the products of meson fields and/or external sources, and Θ µν··· is the product of a Clifford algebra element Γ ∈ {1, γ µ , γ 5 , γ 5 γ µ , σ µν }, the Levi-Civita tensor ε αβρτ , and several covariant derivatives D λ D η · · · acting on B. The forms in Eq. (9) can have other deformations, such as increasing traces, a change of the place of the B field, and so on. For the P transformation, the γ matrices are changed by raising or lowering the Lorentz indices. Table II lists the plus or minus sign. Other forms of monomials can be operated in a similar way. Then, it is easy to move the covariant derivatives acting onB to B with the partial integration relation (Eq. (11)). The signs in both Table I and Table II are given with this consideration in mind.
B. Linear relations
In general, the invariant monomials that are combined with the building blocks are not independent. Several linear relations exist that can be used to find the independent monomials. We collect these relations as follows.
The covariant derivative acting on the whole monomial can be discarded and one has
where "· · · " represents one or more building blocks. Because the covariant derivative acting on baryon fields is counted as O(p 0 ) and that on other building blocks is O(p 1 ), we can simply employ the relation [17, 18] 
in reducing the number of monomials. The symbol " . =" means that both sides are equal if high order terms are ignored. This is also the origin of the extra minus signs in Table I and Table II discussed above. (ii) Equations of motion (EOM).
The lowest order EOM from the pseudoscalar CL is
where N f is the number of quark flavors and we take N f = 3 here. This equation indicates that the monomials including ∇ µ u µ can be removed. Obviously, the higher order EOM only adds terms on the right hand side and it has no impact on the construction of CL. The EOM from the meson-baryon CL is a little complicated, which limits the forms of Θ µν··· to a small set. We leave the discussions of this for Appendix A.
(iii) Bianchi identity.
From Eqs. (7) and (8), one gets
which gives a relation between the covariant derivatives of Γ µν (or f µν + ).
(iv) Schouten identity.
When ǫ µνλρ exists in a monomial, the Schouten identity indicates that
(v) Cayley-Hamilton relation.
All the building blocks are 3 × 3 matrices in flavor space. For any 3 × 3 matrices A, B and C, one has
which is the Cayley-Hamilton relation [6, 12] .
(vi) Contact terms.
In constructing the CL, we need to consider separately the contact terms where only baryon fields and pure external sources (F µν R , F µν L , and χ) are involved. To adopt the constraint relations, we also use the following formulas by revealing explicitly the sources in Eq. (3),
The number of such terms is small and it is not difficult to construct them directly. The O(p 4 ) meson-baryon contact terms are the last three monomials in Table V .
C. Reduction of the monomials
Because the number of D µ acting on B is arbitrary, it seems that there are infinite possibilities of monomials at a given order. However, from Eq. 
This symmetric property limits the possibilities of the monomials. On the other hand, some monomials with a different order of building blocks and different indices may be equal. The construction of independent monomials will be easier if we change all the monomials to a unified form. The following rules are helpful.
(i) Unlike the two-flavor πN CL in Ref. [17] , where the nucleon fieldΨ is fixed on the far left and the Ψ is fixed on the far right, now the positions of the baryon fieldsB and B are not fixed except that B is always on the right hand ofB. To fix the positions ofB and B, we first move the trace containingB to the left, and then move the fieldB to the far left. If B is in another trace, we move the trace to the right hand side of the trace containinḡ B, and then move B to the far right inside the trace. With this rule, the positions ofB and B are fixed. There may also exist traces containing neitherB nor B. We move them to the right hand side of the trace containing B. The relative positions of these traces are also not fixed. We treat them in the next item. The fixed form of the monomials is like that in Eq. (9) where the factor Θ µν··· is moved to the left side of B.
(ii) For a trace withoutB and B, another rule is introduced. All building blocks are numbered, including the covariant derivative ∇. (iii) For the Lorentz indices, the rule is the same as the building blocks. All indices are numbered, too. We also give an example in Table III . When the places of all the building blocks are fixed, their indices are mapped to vectors, such as
, and so on. Although the results are probably equal (as shown here), we only choose the smallest permutation, u µ u µ u ν → (1, 1, 2). In this step, the Einstein summation convention and the symmetric and antisymmetric relations for f µν ± , h µν and ǫ µνλρ are used.
We say that a monomial obeying the above rules has a standard form. With these rules, two monomials having the same standard form are equal. The final results are all in this form. Besides the purpose of distinguishing monomials, the standard form is also conveniently used for programming.
D. Classifications and Substitutions
It is not complicated to obtain all possible invariant monomials at a given order with the building blocks u µ , h µν , χ ± , f µν ± , and their derivative forms and the constrained Θ µν··· in Appendix A. However, the number of the resulting monomials is too large and it makes further manipulation difficult. A simpler way is to classify all the monomials according to the external sources. It means that we can treat first the category with four pseudoscalar sources, then the category with three pseudoscalar sources plus one vector current (or one covariant derivative, see Eq. (4)), and so on. One may adopt such a classification because almost all the linear relations in the subsection III B connect monomials with the same type of external sources and one applies those relations to monomials category by category. The exceptional case is for the contact terms where different types of external sources may be connected with the relations in the subsection III B. We will deal with this case separately.
To simplify the calculation, we usually make the following replacements,
Since our purpose is to construct all the O(p 4 ) CL, the differences induced by these replacements can be compensated by other terms at the same chiral order. That is, in constructing the CL, we use actually the definitions χ µ ± = ∇ µ χ ± and Γ µν = −if µν + rather than the strict ones in Eqs. (6) and (8).
E. Independent linear relations and chiral Lagrangians
With the above preparations, now we can move on to find out independent chiral-invariant terms with a systematic approach easy to program. This approach has been used to construct meson chiral Lagrangians in Ref. [12] .
First, one sets up basic equations. So we may adopt the linear relations in the subsection III B directly, it is convenient for us to reveal the covariant derivatives in the constructed monomials by using Eqs. (3) and (8) . Here, we use D i,j to store all possible invariant monomials constructed withB, B, u µ , χ ± , h µν , Γ µν , f µν − , and their derivative forms and E i,j to store all possible monomials revealing the covariant derivatives (constructed withB, B, u µ , χ ± , Γ µ , and their derivative forms). The index i labels the categories and the index j labels the monomials inside the category i. The linear relations between D i,j and E i,j are
where the coefficient matrix A i for the category i is easy to obtain with Eqs. (3) and (8) . Second, one finds out independent constraint relations. By applying the linear relations in the subsection III B to E i,k , we obtain the constraint equations
where the coefficient matrix R i for the category i is easy to get. Usually, the relations are not independent. To extract the independent ones, we transform the matrix R i to the reduced row echelon form (row canonical form) S i . The rank of R i or S i is equal to the number of independent linear relations and each nonzero row-vector of S i gives a linear relation. That is, the independent constraint equations read
With these constrains, Eq. (19) can be revised to the form
where the matrix A ′ i is from the matrices A i and S i after all linear dependent constraints are removed. Third, one extracts the independent terms. Now, the independent terms in D i can be obtained with the help of A (22), one gets the independent terms containing contact terms.
Finally, according to the hermiticity, one has to add an extra i to some terms to ensure that the LECs are real. The Lagrangian with the original building blocks is also recovered with Eq. (18).
IV. RESULTS AND DISCUSSIONS
With the steps given above, we obtain the minimal three-flavor meson-baryon CL to the order O(p 4 ). As a cross check, we have confirmed the meson-baryon CLs obtained in Refs. [17] [18] [19] .
The O(p 4 ) meson-baryon CL has the form
where c n 's are the LECs, and O n 's are the independent chirally invariant terms listed in Table V . The last three terms are contact terms. In Table IV , we show processes with the minimal number of mesons and photons to which the O(p 4 ) Lagrangian may contribute. The labels of related O n terms are also given. Besides the results in Refs. [17] [18] [19] , we also check our calculation through other approaches. The independent terms in D i are C and h. c. invariant. Some of them contain two parts as shown in Table V , e.g. O 4 . The relative phase between them is only +1 or −1. However, the monomials in E i need not be C or h. c. invariant in the calculation. This property is used to check the correctness of the matrices A i which must be suitable to keep the C and h. c. invariance on the right hand side of Eq. (19) . It requires that the coefficients of some pairs in E i are equal or only a minus sign difference. In addition, a small mistake in the matrices R i would also break the C and h. c. invariance of D i,j in Eq. (22) . It will generate confusing results, e,g. giving a very large or very small number of independent terms compared to the lower order Lagrangians or two-flavor π-nucleon CL of Refs. [17] [18] [19] .
It seems that 540 is a too large number for independent terms at the order O(p 4 ). However, one could not find more relations to reduce this number. Recall that the number of independent normal terms for the SU (2) (SU (3) [2, 3, 6, 7] . The increasing number to high orders in the three-flavor case is larger than that in the two-flavor case. In the baryon sector, the numbers of independent terms (the term (i / D − m) not counted) at the orders
, and O(p 4 ) are 1, 7, 23, and 118, respectively, in the SU (2) case. Those in the SU (3) case are 2, 16, 78, and 540, respectively. (Note that the traceless vector and axial vector external sources are adopted in the latter case.) The increasing number in the SU (3) case is much larger. Thus, the number 540 at the fourth chiral order is not so surprising. For a special process, from Table IV , only parts of terms and the determination of their coefficients are needed. In reality, the number of independent parameters should be much less than the number of terms shown here. On the other side, the constraint of LECs at this order is possible with further studies or the development of non-perturbative methods, e.g. lattice QCD.
In studying low-energy meson-baryon interactions with chiral perturbation theory, one usually needs to explore the convergence of the chiral expansion. However, the high order correction is not the unique source to improve the expansion. It has been shown that the inclusion of decuplet baryons is also important (see e.g. Ref. [56] ). The obtained Lagrangian may be used to answer which effect is more important, high order corrections or excited baryon contributions, in specific processes in future investigations.
V. SUMMARY
In this paper, we present a systematic and mechanized method for the construction of baryon chiral Lagrangians, which is suitable for computer realization. In the construction, only the independent constraint relations for the chirally-invariant monomials are considered, which remarkably reduces the computational complexity. We have gotten the SU (3) meson-baryon chiral Lagrangian at the order O(p 4 ). Now, all the Lorentz-invariant meson-baryon chiral Lagrangians for the one-loop calculation are obtained. Although the number of independent terms is large, only parts of these terms are needed for a special process in which one is interested. We hope that the present work is helpful for further studies on the convergence of the chiral expansion, LEC determinations, model constructions, and so on. This appendix gives a brief introduction to the EOM constraints on the meson-baryon CL. The types of γ matrices appearing in the Lagrangian are constrained. One may find detailed descriptions in Refs. [17, 22] . Although the discussions are for the two-flavor case there, the results are the same as the present case. In this appendix, we also introduce several new relations.
The lowest order EOM from the SU (3) meson-baryon CL is [18] 
where M 0 is the octet baryon mass in the chiral limit, F and D are the axial-vector coupling constants in the O(p 1 ) order CL. The equation means that
which is similar to the lowest order EOM from the pion-nucleon CL in Ref. [17] ,
In other words, we can borrow the relations in the Appendix A of Ref. [17] directly, with the replacements Ψ → B and m → M 0 . For convenience, we collect the constraints on the structure of Θ µν··· = Γ×(1 or ε αβρτ )×(1 or derivatives D) in Eq. (9) from the baryon EOM as follows:
, which is similar to the Klein-Gordon equation. From this, one understands that the Lorentz indices of the covariant derivations acting on the baryon field B should be completely different. The existence of the Levi-Civita tensor ε αβρτ is allowed.
(ii) The case Γ = γ 5 gives high order terms and it should not exist solely in the Lagrangian.
(iii) In the case Γ = γ µ , one can change it to iD µ up to high order terms and it should not appear solely in the Lagrangian, either. The Levi-Civita tensor is allowed, but the structure has been implied in the case Γ = 1.
(iv) The case Γ = σ µν is a little complicated. The contraction of one or two indices of σ µν with those of the covariant derivations acting on the baryon field B gives high order terms or zero. Therefore, σ µν and the derivatives should have completely different Lorentz indices in the allowed monomials. When the Levi-Civita tensor exists, the structure σ µν ε µνλρ = 2iγ 5 σ λρ can be converted to the form of ( (v) In the case Γ = γ 5 γ µ , the Lorentz index should be different from that of any covariant derivative acting on the baryon field B. In addition, up to high order terms, the structure γ 5 γ µ ε µνλρ can be converted to the form of
, which has been incorporated in the case Γ = σ µν . Therefore, any combinations of γ 5 γ µ and ǫ αβρτ should not exist in the minimal Lagrangian, either.
To summarize, Γ can be only 1, γ 5 γ µ or σ µν , and their indices should be different from those of covariant derivatives acting on the baryon field B. The Levi-Civita tensor ε µνλρ exists only when Γ = 1. To the O(p 4 ) order, Θ µν··· has the forms in Eq. (A.21) of Ref. [17] because the number of independent Lorentz indices of Θ µν··· should be no more than four. Explicitly, they are
Other types of structures can be reduced to these forms. A simple method for the reduction is in the heavy baryon formalism. For example, from
, one understands that the structure with Θ = γ α σ µν may be reduced to the forms like σ µν D α and D µ . The story is not over yet. When constraining the allowed structures of Θ µν··· , we used only the baryon EOM. One may also combine the EOM with the other relations in Subsection III B to get new constraints. From the above items (iv) and (v), we have
where the Lorentz indices, some constants, and the right-hand-side terms having similar structure are ignored. By applying Schouten's identity to the left-hand-side terms, we obtain relations for the terms of the γ 5 γ type and the σ type. The independent ones are
Here, P means all permutations of the subscripts behind it. Note that an odd permutation gives a minus sign. These relations were not given in Ref. [17] . Fortunately, they only have effects on terms not lower than O(p 6 ). By combining the baryon EOM with the partial integration, one obtains three relations similar to Eqs. (A.18)-(A.20) of Ref. [17] . In short, we do not obtain any new relations except for Eqs. (A7)-(A10). n On n On n On 
